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^ I We investigate quasilocal tachyon condensation by using gravity/gauge duality. In or- 

lO ! der to cure the IR divergence due to a tachyon, we introduce two regularization schemes: 

T^ij- ! AdS space and a d=10 Schwarzschild black hole in a cavity. These provide stable canonical 

^ . ensembles and thus are good candidates for the endpoint of tachyon condensation. Intro- 

O ■ ducing the Cardy-Verhnde formula, we establish the on-shell gravity /gauge duality. We 

'^ ■ propose that the stringy geometry resulting from the off-shell tachyon dynamics matches 

jiLiI onto the off-shell AdS black hole, where "off-shell" means non-equilibrium configuration. 

r-| ! The instability induced by condensation of a tachyon behaves like an off-shell black hole 

>■ ! and evolves toward a large stable black hole. The off-shell free energy and its derivative 

^ . (/3-function) are used to show the off-shell gravity /gauge duality for the process of tachyon 

c^ ■ condensation. Further, d=10 Schwarzschild black hole in a cavity is considered for the 
Hagedorn transition as a possible explanation of the tachyon condensation. 
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1 Introduction 

In general, closed-string tacliyon condensation is a difficult issue because we evaluate 
the string partition function on a cone which has an IR divergence. The cone is not a 
solution to string equations of motion. Thus, the Einstein equation is no longer satisfied 
unless there is a delta-function source at the tip to account for the cone curvature [T] . In 
this case we have to use an off-shell formalism of string theory to compute the partition 
function. In order to cure this, one considers string theory on an orbifold C/Zjv instead 
of a cone [21, [31131 [5]. Similarly, there has been progress with regards to quasilocal tachyons 
on this direction[n]. For this purpose, one introduces the winding tachyonic modes to 
a warped Scherk-Schwarz cone with topology S^ x Yfl\. A process of winding tachyon 
condensation causes the circle S^ on the cone to pinch off when the size of S^ reaches 
the string scale Ig, removing the large cone sector X from the small cone including the 
singularity [H]. We are interested in the evolution of the tachyon instability in the former 
sector XP [ID], although the latter can be used to study the singularity and unitarity 
issues in a stringy black hole by using the tachyon condensate phase [H], [121 [IS]- If the 
dilaton can be kept small throughout the background X, the process of closed-string 
tachyon condensation may be viewed either as a renormalization group (RG)-flow on the 
world sheets or a flow in the space of the off-shell string backgrounds. 

A black hole may be in unstable equilibrium with a heat reservoir in asymptotically 
fiat spacetime. Its fate under small fluctuations will be either to decay to a hot fiat space 
or to grow without limit by absorbing radiation from the heat reservoir. This is known 
as the Gross- Perry- Yaffe (GPY) instability of a hot fiat spacetime [H]. There are two 
ways to achieve a stable black hole in equilibrium with heat reservoir. A black hole could 
be rendered canonically stable by placing it in AdS space [I^ or by introducing a cavity 
surrounding it [16]. This corresponds to the IR regularization. The canonical ensemble 
for quantum gravity in AdSs space can be defined by the Euclidean path integral over the 
metric and all other fields with the time direction periodically identified with an inverse 
temperature f3 = 1/T. In the semi-classical approach, the path integral is dominated by 
configurations near saddle points, that is, classical solutions to the Einstein equations. 
There are three possible on-shell string background as saddle points: thermal AdSs, a 
small unstable black hole (UBH), and a large stable black hole (SBH). The thermal AdSs 
of topology 5*^ X R^ and SBH of topology R^ x S^ are locally stable, while the UBH 
of topology R^ X 5''^ is unstable against decay. However, all of these have a common 
boundary of topology S^ x S^ on which one may define the boundary CFT. 

On the strongly coupled CFT side, string theory backgrounds of a bubble, unstable 



bounce (UB) and stable bounce (SB) appear as saddle points in the Euclidean path in- 
tegral of A/" = 4, SU{N) Super- Yang-Mills (SYM) theory. According to the AdS/CFT 
correspondence [T71 flSl fT9] . Witten has shown that a SBH in bulk-AdSs space could be 
described by the deconfinement phase SB of A/" = 4 SYM theory on S^ x 5*^ [20]. Fur- 
ther the Hawking-Page transition corresponds to a large A^ deconfinement/confinenient 
transition in the strongly coupled gauge theory. On the other hand, the UB undergoes 
the Gross- Witten phase transition in the large A^ limit at a temperature below the Hage- 
dorn temperature T = Ts[2T]. This phase transition was identified with the Horowitz- 
Polchinski correspondence point [22] when the size of UB becomes comparable to string 
scale (r^ ~ ^s)[23]- Even for the weakly coupled system, the phase transition is similar to 
the strongly coupled case [21]. 

From the microcanonical analysis, it is known that the d=10 Schwarzschild black hole 
plays an important role at the Hagedorn transition [251 [2l] . The canonical instability of 
the d=10 Schwarzschild black hole is well known on account of its negative heat capacity. 
A gas of thermal gravitons is also unstable to gravitational collapse due to Jeans instabil- 
ity. Both processes cannot end in a large, stable black hole (sbh) without introducing a 
cavity. Actually, the d=10 Hagedorn regime is bounded by d=10 black hole and graviton 
phases[71 [9l [10]. For the large 't Hooft coupling A^/'S the density of states of type IIB 
string theory on AdSs x S^ has four distinct regime^j. AH phases of gravitons, strings, 
and black holes dominated by localized degrees of freedom in d=10 disappear, since we 
are working with the canonical ensemble. However, introducing a confining cavity with 
size R as the IR regulator, we have a stable canonical ensemble to study the Hagedorn 
transition. Then it is possible to connect the tachyon instability to the instability of the 
d=10 black hole that ends in a sbh. 

In this work, we will describe the process of tachyon condensation by using the off-shell 
gravity/gauge correspondence. For this purpose, we use the off-shell free energy on the 
bulk/boundary sides. Since we have a hot temperature of T = T^ in the decay of the 
superheated Hagedorn states, the endpoint is the plasma state of a radiated CFT (SB). 
On the gravity-side, this corresponds to a SBH. Further, we use the d=10 Schwarzschild 
black hole in a cavity to investigate the tachyon instability. 

The organization of this work is as follows. Section 2 is devoted to studying the 
Hawking-Page phase transition for the nucleation of a black hole. The on/off-shell free 



^The AdS/CFT dictionary shows A — gy^N, gyf^i — 47rgs, and I — X^^^ls with I the AdS-curvature 
radius and radius of S^. S ^ E'^/i" for d=10 gravitons with E ^ A^^"*; S" ^ ii^ for d=10 strings with 
E > A5/2; S - £;8/^ d=10 black hole with E > N^/X^*; S - E^^-^ for AdSg black hole and its CFT 
dual with E > N'^'O^. 



energies are used to show how the phase transition occurs. The Cardy-Verhnde formula 
is introduced to define the Csj:/-function. In section 3, we investigate how the Hagedorn 
transition could be used to describe the process of quasilocal tachyon condensation. We 
use the off-shell free energy and /Ss/f-function to investigate the off-shell configurations. 
Inspired by the AdS/CFT correspondence, in section 4 we introduce the Hawking-Page 
and Hagedorn transition on the CFT side to study the process of tachyon condensation. In 
section 5, we propose the d=10 Schwarzschild black hole in a cavity to describe the tachyon 
condensation at the intermediate energy scale. Finally we summarize our important 
results in section 6. 

2 Hawking-Page transition 

In this section, we review the phase transition between an AdS black hole and thermal 
AdS space. We start with the d=5 Schwarzschild-AdS black hole[2Sl EZl I2HI EHl EO] 
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Its Hawking temperature and heat capacity are given by [30] 
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with To = l/\/2. T^ has the minimum value of [15 
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at the minimum length r_|_ = Tq, and grows linearly for large r_|_ due to the presence of 
a negative cosmological constant A = —6/1^. A solution to the thermal equilibrium (on- 
shell) condition of T^ = T corresponds to small, unstable black hole (UBH) with radius 
r„ = (7r/2T/2)[l - .^1 - 8/(27r/T)2] < tq, while one is large, stable black hole (SBH) 
with radius r^ = (7r/^T/2)[l + J I — 8/{2nlT)'^] > tq. Here we find an inequality of the 



temperature T > Tq and a sequence of r^ < tq = 35 < r^ for / = 50. For T ^ 1//, we 
have approximate on-shell relations of r„ ~ 1/2ttT and r^ ~ ttPT. In the off-shell case 
of T 7^ T^, there is no direct relation between r+ and T. In this sense, we may regard 
r+ as the effective temperature. For T < Tq, there is no solution to T^ = T, which 
means that no black hole can exist in AdS space. The heat capacity in Eq.Q has an 
unbounded discontinuity at r+ = tq, signaling a first-order phase transition from negative 
heat capacity to positive one. However, the heat capacity determines the thermal stability 
of a system: thermally stable (unstable) if C^^j > 0{C^j^ < 0). We get an important 
piece of information from the study of the BH-free energy 

Pbh{^^ '^+) = ^BH ~ ThSbh — ^UBH + ^SBH-: (5) 

where 

qA _ '^3 ^3 T-ion _ ^'i' + T-ion _ -2 j^on ( p^\ 

^BH - 4^^^+, J^UBH - ^g^^^, ^SBH " ^ J^UBH [^) 

with f = r^/l. This applies to saddle points of r„ and r^ only. We observe a change of sign 

between F°'^(/,r+ < /) ~ F""^^ ~ ^l and F^'}j{l,r+ > /) ~ F|^^ r^. This shows 

that an UBH is unstable to decay into thermal AdS space, while a SBH is stable against 
decay. For r+ ^ /, we have an approximate entropy-energy relation of 5*^^;^ ~ (E^^jY^'^, 
which means that a large black hole has a stable canonical ensemble. Here we have the 
transition point of r.,. = ri = / from Fg''^(/,r+) = 0. Plugging this into Eq.® leads to 
the transition temperature [151 EQ EH EH [29] 

Ti = ^ (7) 

which is the critical temperature for the Hawking-Page phase transition. 

Assuming the CFT-dual, we introduce the Casimir energy for the black holcl 



pc — AJpA oT^A qA _ 3^3^H 

'BH = ^-^BH ~ '^^H'^BH 
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It allows us to write the Cardy-Verlinde formula on the bulk-side 
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S^h = ^^EI,^{2E^h-E%h)- (9) 

This is an exact relation between entropy and energy. Minimization with respect to E'j^jj 
leads to the bound S^j^ < {l/Ti)E^^, which is called the AdS-Bekenstein bound. This 



^Frankly, it is hard to define the bulk-Casimir energy unless assuming the presence of its dual CFT. 
Hence it is fairly asserted that the Cardy-Verlinde formula in Eq. ^ on the bulk-side comes from its 
Cardy-Verlinde formula in Eq. ([55|l on the boundary. 



is not only the upper bound for S^^j, but the lower bound for E^fj. The saturation of 
this bound is achieved at the transition point r_|_ = ri. Here we have thermal relations: 

Ein = E^H = S^H = 0, F^^^ > 0, for r+ < n (10) 

E^H = E^^H = T.S^H, FZi = 0, for r+ = n (11) 

E^^ > E^sH. S^H < {llTi)E^H. FSh < 0, for r+ > r,. (12) 

This means that the Cardy-Verlinde formula is valid only for on-shell with r^ > Ti, that 
is, for a SBH. 

Further, defining the Casimir entropy as S*^^ = E'j^jj/Ti = V^W^^/AG^, the BH-free 
energy takes the form 
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If f ^ (5^^, this is analogous to the d=2 free energy of IF2 = ^ ( 1 "" ^~^ ) for c free bosons. 
Here we find a relation c = 652 /vr between the central charge c and the Casimir entropy 
5*2 in CFT2. In this work we choose a slightly different notation to go together with its 
dual CFT. The Cs^-function is defined as 



which is useful for describing the bulk RG-flow in the Hagedorn transition. From Eq.l TTOi) . 
one finds Cbh{1, i^+) = 0, for < r_|_ < ri. 

In order to discuss the phase transition more explicitly, we introduce the generalized 
free energy F^^j = E^^ — TS^^j, which applies to any value of r+ with the fixed T[l6l [9l 
[To] . It is given by 

F"JJ{1, r+, T) = F°^/^ + F"si^^, (15) 



where 
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Its connection to the action is given by Ibh = I^Fbh ■ In case of r+ ^ / (f ^ 1), we 
approximate F'^^ by F^J^j, while for r+ ^ / (f ^ 1), it is approximated to be EgJ^j. As 
is shown in Fig. 1, for T = Tq, an extremum appears at r^ = ro(= r„ = r^). We confirm 
that for T > Tq, there are two saddle points, UBH with radius r„ and SBH with radius 
rg. F'^jj is composed of a set of two saddle points for -F^j/. That is, F"^^ can be obtained 
from -F5// through the operation: dF^j^ /dr+ = ^ T = T^ — >■ F^jj- = F^fj . Hence 
the BH-free energy F^^ is regarded as the on-shell (equilibrium) free energy, whereas the 
generalized free energy -F^{/ corresponds to the off-shell (non-equilibrium) free energy. 
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Figure 1: The process of black hole nucleation as in the Hawking-Page phase transition. 
Here r+ plays a role of the effective temperature for the BH-free energy, but it is merely 
a coordinate for the generalized free energy with the fixed T. The solid line represents 
the BH-free energy F^^{1 = 50, r+) in the units of G^, while the dashed line denotes the 
generalized free energy F'^^{1 = 50, r+, T) for six different temperatures: from the top to 
bottom, T = 0.008, To(= 0.009), 0.0093, Ti(= 0.0095), 0.01, 0.0105. 

All saddle points including thermal AdS at r_|_ = contribute dominantly to the path 
integral evaluation for canonical ensemble. 

At this stage, we briefly describe the Hawking-Page transition [T5]. For Tq < T < Ti, 
we have a sequence (see the third dashed graph in Fig. 1) 

F°{/(r+ = 0) = < F°i/(r+ = r,) < F°^i(r+ = rj (17) 

which means that the saddle point for thermal AdS dominates. For T > Ti, the SBH 
dominates because of Fgj/(r+ = r^) < 0. There is a change of dominance at the critical 
temperature T = Ti. The UBH plays a role of the mediator for the transition between 
thermal AdS and SBH. In case of T < Ti, the system is described by a thermal gas, 
whereas above Ti it is described by a SBH. This is the Hawking-Page transition for black 
hole nucleation. 

Finally, we introduce the classical gravitational effect of thermal radiation in AdS 
space. From a relation of T2^r^ ~ r'^/G^l'^ for r+ ^ /, we find the collapsing temperature 
T2 = 1/(6*5/^)^/^. Thermal radiation at T > T2 would not be able to support itself against 
its self-gravity and thus it would collapse to form a black hole. The collapsing temperature 
of T2 > Ts is much greater than Tq and Ti because of {G^l'^Y^^ ~ l/N"^^^ < 1. Hence, in 
this work, we exclude the gravitational collapse of thermal AdS from our consideration. 



3 Hegedorn transition and quasilocal tachyon con- 
densation 

We start with the Hagedorn transition in the type IIB string theory on AdSs x 5*^. A good 
model for the Hagedorn spectrum is to consider the highly excited strings as a random 
walk. Its microcanonical density of states takes the form 

n{E)=exp{l3sE + ■■■), (18) 

where the ellipsis is cyE{—c'E^^e~^^) for open strings (closed strings). 

According to the AdS/CFT correspondence, Witten has shown that a SBH in AdS 
space could be described by the deconfinement phase of A/" = 4 SYM theory on S*^ x S^. 
Further, the Hawking-Page transition corresponds to a large A^ deconfinement transition 
in the strongly coupled gauge theory. At strong coupling, the Hagedorn temperature 
T = Ts = 1 is much greater than the critical temperature Ti = ?>/2ttI for the Hawking- 
Page transition. According to Hagedorn censorship, it was proposed that the regime of 
Hagedorn transition cannot be studied in terms of the Hawking-Page transition. This 
is because although the Hagedorn phase is stable microcanonically, but it is unstable 
canonically. Once the temperature reaches the Hagedorn temperature, the hotter heat 
reservoir pumps energy into the system until it reaches a large, stable AdS black hole. 

However, we use this property to describe the Hagedorn tachyon condensation. For 
this purpose, we use the winding tachyonic modes from a warped Scherk-Schwarz com- 
pactification with topology 5*^ x Y . The winding tachyon instability causes the circle 5*^ 
on the cone to pinch off when the size of S^ reaches the string scale Is-, removing the cone of 
large curvature sector X from the small cone including the singularity. We are interested 
in the evolution of the tachyon instability in the former sector X, although the latter can 
be used to study the singularity and unitarity issues in the stringy black hole by using 
the tachyon condensate phase. The former process is related to the formation and growth 
of an off-shell black hole with its near horizon geometry (<), while the latter process is 
considered as the formation and evaporation of an off-shell black hole with its shape (<>) 
on the gravity side. If the singularity is replaced by the tachyon phase [121 113], it shape 
is given by \T >. If the dilaton could be kept small throughout the background X, the 
process of the closed-string tachyon condensation can be viewed either some RG-flow on 
the world sheet or off-shell bulk/boundary flows. Let us introduce the AdS regularization 
for a string gas in AdSs x S^ of type IIB string theory, whose metric is given by 

dsloADS = ds\os + I'^d^l (19) 



where / = A^^'^ Iflwith N the quantum number of Ramond-Ramond flux on S^. The time 
circle in thermal AdSs is non-contractible and thus the winding number is preserved. 
Hence we propose that the stringy geometry resulting from the off-shell tachyon dynamics 
with a ~ msVc matches onto the off-shell AdS black hole with the horizon radius r+ ~ 
Vst € {hJ}- Here a is an effective tachyon, rris = l/lg is the mass of string, and r^ is a 
capping radius. Xgt is introduced to denote the corresponding Euclidean geometry with 
a conical singularity at the event horizon. Hence its near horizon geometry takes a shape 
of "<" . Then the process of the off-shell black hole growth provides a good way to escape 
from the Hagedorn regime oi < r^ < I. That is, the off-shell black hole continues to 
grow until it arrives at a SBH with r+ = r^. The endpoint geometry X^ is the Euclidean 
section of the AdS black hole with metric 

d'^lOADSBH — ^^ADSBH + ' '^^^5- (20) 

The on-shell manifold Xg has topology of R"^ x S^ x S^, which is considered as a capping 
of Xc at r+ = r^l?! [9l |T0]. Here Xc corresponds to the Euclidean off-shell black hole 
with a conical singularity (<). Hence its near horizon geometry takes a shape of "c", 
where there is no singularity at the event horizon. The capping is a progressive effect 
if Xc € {Xst,Xs). This is a topology changing process, where we have non-equilibrium 
configuration T 7^ T^. 

At this stage, we introduce the off-shell parameter a related to the deficit angle (5 [35] 

a{l, r+, T) = = 1 — . (21) 

Then the off-shell free energy takes the form 

F°{/(/,r„T) = ^ + i^^^E^„ (22) 

a a 

where the first term is similar to the on-shell free energy, while the second one determines 
the off-shell nature of the free energy. Here the corresponding action is given by Ibh = 
I3F'^^. For a = 1(T = T^, 5 = 0), we recover two saddle points which satisfy F'q^ = 
F^fj. Hence, for fixed T 7^ T^, -F^// describes off-shell configurations very well. As is 
shown in Fig. 2, the off-shell parameter a behaves like the temperature of a cool (off- 
shell) black hole but the deficit angle 5 has the maximum at r+ = rg and deceases to 



^ The d=10 Newton constant is given by Gio = 2'^7r^5j Zf and its relation to the d=5 Newton constant is 
Gio = V{S^)G5 = TiH^G^. Then N^ = l^ / {16tt^ g^J^J = 7rl^/2G5^^. For a numerical computation, 
we use string units: Is = voi' = 1. A strongly coupled regime is chosen to be g^ = vr > 1. For 
/ = X^f-i = 50, iV2 = 2.5 X IQi", Gio = 75908, G5 = 7.8 x 10-^ (Gs?^)^/^ = 0.455 < 1. The radius of 
Jeans instability at string scale is rf^ = Ig/gs = 0-318. 
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Figure 2: The temperature picture of a cool (off-shell) black hole growth in a hotter heat 
bath at T > T^. Solid line: hotter temperature of heat reservoir at Hagedorn temperature 
T = Tg = 1. Dotted line: plot of the increasing temperature T^ of a cool black hole with 
/ = 50. Also, this graph indicates the off-shell parameter a{l = 50,r_|_,l). Dashed line 
denotes the deficit angle 6{l = 50, r+, 1). In this case we have the sequence of points : 
r„ = 0.159 < rg = 35 < Ts = 7853. If a matching occurs at r+ = r^t > Is, the stringy- 
black hole always grows into a SBH at r^ = Vg. 

zero at r+ = r^. S{X) classifies a conical singularity at the event horizon. For example, 
S{X) = for on-shell configurations of X = X„, Xg without any cone (c), while it has 
the maximum value 6{X) = 27r(l — Tq) ~ 2tt for X = Xq with the narrowest cone {-<). 
In general, we have < S{X) < 27r, for the geometry X G (X„,Xs) with a cone (<). 

Our analysis is based on the heat capacity of the black hole. Neglecting quantum 
tunneling process[2Sl EZl EHl [22], we have two cases only, i) If the initial black hole state 
satisfies Tj^^ < r^, there is no black hole state because the black hole evaporates until it 
arrives at its final state of thermal AdS. ii) If r^ > r^ initially, this black hole grows into a 
SBH with size r+ = r^. Hence, if the stringy black hole is formed with a size r^t > Ig, this 
grows into a globally stable black hole with r^ ~ vr/^T^ = 7853 by absorbing the remaining 
string gas in AdS space. This feature is depicted in Fig. 2. 

In our picture, the generalized free energy in Eq. (l22l) can be used to explain this 
non-equilibrium process. Here we choose the free energy for thermal AdS (Xads) fo be 
zero. Considering X^ G {Xst,Xs}, X^ has the conical singularity and its off-shell free 
energy is given by a point F^^jj- (X^) on the dashed graph in Fig. 3 for r+ <^ I and Fig. 4 
for r_|_ ^ /. As the initial off-shell black hole {F^-^fj(Xst)) flows into the final black hole 
(F°{/(X,)), an off-shell free energy curve (F°^i(X,)) connects X,, to X,,. 

Barbon and Rabinovici[7j assumed that, for T > Tg, the barrier of the UBH is com- 
pletely washed out by the tree-level string effect. In this case, at r+ = 0, one sees the 
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Figure 3: Hagedorn transition with T = Tg for r+ ^ /. The sohd hne represents the 
on-shell free energy F^'^(50,r+) ~ Ffj^fj{r^). The dashed hne denotes the off-sheU free 
energy F^^jj {50, r^, 1) ~ F^Jjj{r^, 1) in the units of G^. This picture is described by an 
UBH. A junction point located at r_|_ = r„ = 0.159 is the maximum. 
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Figure 4: The free energy picture of a cool (off-shell) black hole growth in a hot- 
ter heat bath for r+ ^ / = 50. The solid line represents the on-shell free energy 
FSlr{50, r+) ~ Fg^jj{50, r_|_) ~ — t^, while the dashed lines denote the off-shell free energy 



F"JJ{50,r+ 
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7853. 



-^SB//(50,r+, 1) ~ r^ in the units of G^. A junction point is located at 



tree-level instability of the Hagedorn tachyon. From Fig. 3, we observe the UBH barrier 
at Tu = 0.159, even though its maximum is small as G5-F^'^^(0.159, 1) = 0.009. Also we 



1 that GsF^i/^ (0.238, 1) = 0, GgF; 



off 
UBHK' St 



J 



observe the sensitivity around r^ = Ig 
0.318,1) = -0.039, G^F^^Jjjil,!) = -3.75, and G5F^^Jh{2,1) = -34.75. The distance 
between the maximum and zero is very small as Ar+ = 0.079. This shows that the UBH 
barrier suffers from 0{1) ambiguity at the Hagedorn temperature. Hence we may take a 
matching point at Vst ^ Is- From the relation of r„ ^ l/27rT, we conjecture that thermal 
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Figure 5: The Cbh versus /?BH-function. The sohd hue represents the on-shell 
Cbh{50, 1^+ > ri)-function ~ r^, while the dashed hue denotes the off-shell /?bh(50, r+, 1) 
in the units of G^. The /J^/^-function is just the derivative of F^^J with respect to r+. 
Thus it is zero at the saddle points of r+ = ru,rs. 

AdS and UBH will merge for large T. 

Inspired by the action relation of lBH{l,r+ = r^T = Tg) ~ /?Z^V^jj(|cr| = msrc) 
with Tc the capping radius and m^ = 1//^ the string mass [71 191 fTO]. the effective tachyon 
potential V^jj is given by 

v;yH^..). ^gg"-^°-;-'.^-^) . (23) 

The corresponding graph of V^ff appears in Fig. 3 for small r+ -C I. For large r+ ^ 1, see 
Fig. 4. This is an approximation to the Atick-Witten effective potential for the thermal 
tachyon on S^ x i^^pU]. 

As is shown in Fig. 4, at r^ = Vg = 7853, the endpoint of Hagedorn tachyon conden- 
sation is a globally stable black hole state in AdS space. The monotonic property of Cbh 
provides condition 

T^^^^^^ > - r+ > ro, (24) 

which coincides with the positive heat capacity of C^^ > 0. Combining it with Eq. 
flT^ leads to the monotonicity: ^Cbh{^i^+ > '"i) > 0. This shows that there exists a 
strong relationship between the monotonicity of Cbh and the thermal stability of a SBH. 
In general, the Cbh is closely related to the central charge on the boundary CFT. From 
Fig. 4 and 5, we confirm the on-shell monotonicity connection between the increasing 
CB/f(/,r+) {/") and the decreasing F°'^{l,r^) (\). 

Next, we study the off-shell feature. At fixed temperature we move along the renor- 
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malization group trajectories. From the definition of tlie bulk /3-function, we liave 

(3bh{1, r+, T) oc -^^ = j 6{l, r+, T). (25) 

As is sliown in Fig. 5, tlie bulk /^-function does not show a monotonic feature and measures 
the mass of the conical singularity at the event horizon q 

The off-shell free energy F^j|(/,r+,T) describes the non-equilibrium configurations 
between r„ and r^. This is a monotonically decreasing function between on-shell config- 
urations of Xu and Xg only. Hence we confirm the off-shell correspondence between the 
decreasing F^-'jj{l,r^,T) (\) and the /^-function in the shape of 



4 Confining/deconfining and Hagedorn transitions on 
the strongly coupled CFT side 

In this section, we are interested in the confining/deconfining and Hagedorn transitions 
for a strongly coupled, large A^ gauge theories in the high temperature limit. The d=4 
CFT on R X S^ near infinity is defined by the Einstein static universe [32] : 

dslsu = -dr^ + P^dnl (26) 

where r is a time variable in the boundary theory and p is the radius of three sphere S^. 
Now we can determine the above boundary metric by using the bulk metric in Eq.([T]) near 
infinity as 

2 

d4 = }^ ^ds^osBH = -dr'^ + P^d^l -^ ds\su^ ^ = y^- (27) 

Using the Euclidean formalism on S*^ x 5^, we find bulk-boundary relations [39]: 



T' ^ rjlA 

CFT — —J-H 



/„. 1 



1 

2r + - 
r 



and 



p " 27rp 

I „™ VskP r 



, EcFT — -Ebh 



I „. W.Kf^ 



P P 



1 + f 



:28) 



Tpon po" 

^CFT — „^BH 



l_f2 



, ScFT = ^nnVsr' = Sbh (29) 

P " P "■ 

with K, = I^/IGtiG^. These are a realization of the holographic principle via the AdS/CFT 

correspondence. We note that all of CFT's quantities are locally measured in the dual 



"'Considering Ibh = Fbh/'^h + ^cs , we can define the mass Mcs of a conical singularity as Ics = 



47rr+Mcs[S7ll3H]- Then it is given by M^, 



2r^+P 



^^^ with Pbh = ^1^^- I^^ case of r+ :» I, we 



have an approximate relation between the /3- function and the mass of the conical singularity: Mcs — if^- 
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CFT, even though the bulk quantities are observed at infinity. Hence the AdS-curvature 
radius / disappears and instead the boundary radius p of S^ appears. We introduce 
F^'^y = FX + F°^ with FX = V^nr"^ / p and FJ = -r^F^- As an example, we have a 
definite relation of V^k = ttI^SG^ = N^A for AT = 4, SU{N) SYM theory[33l [3l]. Then 
its entropy takes the form of Ssym = ttN"^ at f = 1. 

We call these either the UV/IR scaling transformation in the AdS/CFT correspon- 
dence or the Tolman red-shift transformation on the gravity side |l0]. The scaling factor 



of J—g^^ = l/p comes from the fact the Killing vector d/dt is normalized so that near 
infinity 

4' I) -4 <-) 

This fixes the red-shifted CFT of Tcft, Ecft and F^^pj^, but the entropy remains un- 
changed under the UV/IR transformation. On the CFT side, we find the minimum tem- 
perature T^pj- = \plj'Kp at f = fo = 1/v^ and the critical temperature T}.pj. = 3/2np 
from F^prp = at f = fi = 1 with p = 1. These are useful for describing the confin- 
ing/deconfining transition on the boundary. There exists a phase transition from bubble 
to a radiation-like matter on the boundary, as contrasted with the Hawking-Page tran- 
sition in the bulk. Also we have an approximate relation between entropy and energy: 
ScFT ~ (Fcft)^^^ which is the same form as in the large AdSs black hole. 

From the thermal equilibrium condition of T = Tcft, we find two roots of unstable 
bounce (UB) and stable bounce (SB): 

f„ = npT - ^li-KpTf - 2, f, = TrpT + ^^(^^^J^TJ^^. (31) 

For T ^ I/ttp, we have the limiting forms of f^ — > and f^ ^ 27rpT. At T = T^pFi we 
find an extremum at f = fo(= r^ = ^s)- For T > Tjlprp, string theory backgrounds of a 
bubble at f = 0, UB and SB appear as saddle points in the Euclidean path integral of 
Yang- Mills theory [23]. The Euclidean UB undergoes the Gross- Witten phase transition 
in the large N limit at a temperature below the Hagedorn temperature. This phase 
transition is identified with the Horowitz-Polchinski correspondence point where the size 
of UB becomes comparable to string scale (f^ ~ h/l)- 

For f > 1 (high temperature limit of A/" = 4 SYM theory), from Eqs. (l28l) and (l29ll . we 
have the well-known form for on-shell free energy 

pponM,H ^ ^ [ _ [npTcFrY + (vrpTc^r)'] • (32) 

The Gibbs free energy is defined by Gcft = F^prp+pcFxV = 2V3nr'^/p with the equation 
of state pcFT = Ecft I ^V and the volume of the boundary system V = Vsp^. Then the 
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Casimir energy is given by E^ = 3Gcft, which is also given by E^ = {Ij p)E%fj. This 
shows a feature of thermal CFT defined on the compact manifold S^. Now we obtain the 
Cardy-Verlinde formula instead of Scft ~ iEnwY/'^^\\ 

ScFT = —z-\/Ec{2Ecft — Ec) (33) 

which indicates the exact relation between the entropy and energy. Since Gcft = Ec/3 = 
Sc/27ip, we obtain ccft = Sd^'K = V^nf"^ as a generalized central charge at the boundary 
CFT. We recover the central charge for large N, Af = 4 SYM theory 

CSYM = -^ (34) 

at the confining/deconfining transition point of f = l(r+ = V). The exact form is given 
by Ccft = (^^ ~ l)/4- Considering the confining/deconfining transition at the critical 
temperature T = T}jprp{f = 1), we observe the changes of boundary quantities: 

EcFT =E, = Scft = 0, F°'^t > 0, for f < 1 (35) 

EcFT =E, = T^ptScft. F^^t = 0, for f = 1 (36) 

EcFT > E„ Scft < {1/TI^ft)Ecft, F°c1t < 0, for f > 1. (37) 

From the above, we confirm that the Bekenstein bound of Scft ^ i^/Tcpj')EcFT is 
always satisfied with the large A^, SYM theory ^41j. Here we note that the Cardy-Verlinde 
formula is suitable for only the SB. The central charge satisfies the following condition: 
Ccft = 0, for f < 1; ccft = csym, for f = 1; ccft = csYNif"^, for f > 1. Hence we argue 
that for f > 1, the central charge is a monotonically increasing function of f. Comparing 
this with the C^/z-function on the bulk-side, we confirm the on-shell gravity/gauge duality. 
In order to describe the Hagedorn transition on the CFT side clearly, we need the off- 
shell CFT free energy F^pj,{f,T) = Ecft — TScft as a function of f and temperature 
T of heat reservoir. Its CFT action is given by Icft = PF^prp. We find 

F°^/^(f,T) = F:/^ + F;/^ (38) 

where 



zpoff Q ipon 



1__. 



2 T 



3T, 



CFT 



rpof f Q Tpon 

^ sb — "^^sb 



1__. 



4 T 



3r, 



CFT 



(39) 



This is identical with that constructed by using the Landau theory of phase transition [ 
Actually, F^Jt describes the CFT system away from equilibrium (T ^ Tcft)- We confirm 
that fL isThe on-shell free ener^ by using operatl: aF^^/3f = Jt = To^ -. 
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Figure 6: The CFT-tempearture picture of the cool (off-shell) bounce growth at the 
Hagedorn temperature at T > Tfj. Solid line: hotter temperature of heat reservoir at 
T = Tg for Hagedorn transition. Dotted line: plot of the CFT temperature Tcrri'^') = 
o:cFT{r,l) with p = 1. Dashed hue: deficit angle ScFrir,!). In this case we have a 
sequence of temperatures: fu = 0.168 < fo = 0.707 < f^ = 2.973. If a matching occurs at 
'f'st > 'f'u, the off-shell bounce always grows into a SB. 

F^fJ^ = FSW- To capture the off-shell feature, we introduce the off-shell parameter acFT 
related the deficit angle 6cft 

TcFT{f) _ 6cFT{f,T) 

acFT{r, T) = = 1 — . (40) 

Here the deficit angle takes a value between Sq^j. = 0{acFT = 1, T = Tcft) and 5^p^ = 
2(n — v^)(f = fo). See Fig. 6. Then the off-shell free energy takes the form 

F^fMf,T) = ^:^hm. + ^^----^^ EcFTir), (41) 

acFT OlCFT 

where we check that for ucft = 1, we recover F^pj, = F^pj,. For fixed T 7^ Tcft-, 
F^prp indicates off-shell configurations in the boundary CFT. Hence we expect that in the 
Hagedorn transition at T = Tg > Ti, the off-shell free energy F^pj, describes a process of 
tachyonic condensation. 

In Fig. 7, the solid line represents the on-shell CFT free energy F^prj,{r) ~ F°^{r) with 
p = 1. The dashed line denotes the off-shell CFT free energy F^prp(r,l) = F°l {f,l), 
where the maximum is at f„. As is shown in Fig. 8, the solid line represents the on-shell 
free energy FQ},p{f) which is the maximum at f = f and zero at f = f 1 = 1. The dashed 
line denotes the off-shell free energy F^prp(r, 1) ^ F°^-^(f,T = 1) to connect f^ with f^ in 
the units of Gs. At f = fg, we have the endpoint of Hagedorn tachyon condensation as a 
SB. Comparing these with the bulk results, we confirm the gravity /gauge duality. 
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Figure 7: The CFT-free energy picture of cool (off-shell) bounce growth in a heat reservoir 
at T = Tc for f < 1. 
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Figure 8: The CFT-free energy picture of cool (off-shell) bounce growth in a heat reservoir 
at T = Tg. 

In thermodynamics, I\Gcft > holds for irreversible processes. Similarly I\ccft > 
shows a thermodynamic Zamolodchikov's theorem. As is shown Fig. 9, the central charge 
function ccft{t > 1) is a monotonically increasing function (/"). The on-shell free energy 
F^pj.{r) is a monotonically decreasing function (\). Hence we have a monotonicity 
between CcFTif) with /" and F°^{f) with \. 

Now we discuss the off-shell picture. From the definition of the CFT /5-function, we 
have 

PcFT{r,T) oc = -6ccFT{r)ScFT{f,T). (42) 

As is shown in Fig. 9, this CFT /9-function (holographic RG-flow) is similar to the 
/3-function on the world sheet (RG-flow). Thus the holographic RG-flow is just an irre- 
versible thermal process in the boundary thermal CFT. On the other hand, the off-shell 
free energy F^prp(f, 1) is a monotonically decreasing function, which is responsible for the 
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Figure 9: The central chrage function ccFxi'f') and the CFT /?- function. The sohd hne 
represents the (on-shell) central charge ccft{^ > 1) which is a monotonically increasing 
function, while the dashed line denotes the off-shell Pcft{^-, !)• The latter is zero when 
5 CFT = 0. 

off-shell bounce growth. Hence we confirm the off-shell connection between F^prp{f^ 1) 
with \ and PcFri^, 1) in the shape of \y. 

Finally, we comment on the similarity and difference between the bulk quantities in 
sections 2 and 3, and the boundary quantities in this section. First we observe a close 
similarity between two systems from Eqs. ( l28l) and ( l29l) . It is obvious from the holo- 
graphic principle that there exist bulk-boundary relations for thermodynamic quantities. 
Therefore, we observe the similarity between Figs. 3, 4, 5 and Figs. 7, 8, 9. However, we 
find crucial differences. First of all, we could not define the black hole pressure (presum- 
ably, pbh = 0), while the pressure of the CFT is pcft = Pcft/'^ in the high temperature 
limit of A/" = 4 SYM theory. That is, the CFT plays a role of the radiation-like matter. 
This means that we may read off the pressure of the black hole from its dual CFT. The 
Cardy-Verlinde formula in Eq. flHHj) was originally defined for the gauge theory of CFT 
on the boundary [32]. As an analogy, we define the Cardy-Verlinde formula in Eq. ([9]) 
on the bulk-side. Hence the meaning of the central charge ccft is more clear than that 
of C^/f-function. The former shows the number of degrees of freedom, while the latter is 
just a function related to the heat capacity of the black hole. In addition, the -F^j/ and 
I3bh describes the growth of a black hole with the conical singularity at the horizon, while 
Pcft ^^^ (3cft describe the growth of the bounce on the boundary. 
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5 d=10 Schwarzschild black hole in a cavity 

Now we study the tachyon condensation in the d=10 Schwarzschild black hole (bh)[7]. 
Here we achieve the IR regularization by introducing a confining cavity instead of AdS reg- 
ularizatioiij. Then we may connect the d=10 Hagedorn strings to a black hole instability 
that ends in the large, stable black hole. 

We start with the d=10 Schwarzschild black hole spacetime 



"''lOSch 



'r4_\7i . ^ dr'^ 



(-)]de+ ,, +r'dnl (43) 



whose thermodynamic quantities as measured at infinity are given by 

VsrI 7 2Vsri 

E- = M = -^, T^ = ^, C^n = —^ (44) 

with the volume of the unit eight sphere Vg = 327r^/105 and the d=10 Newton constant 
Gio- The bh-free energy and generalized free energy are 



IbvrGio 



7 T 
8T^ 



, 5,. = -^. (45) 



It is obvious from Eqs. fl44|) and fl45|) that the d=10 Schwarzschild black hole is unstable 
to decay into thermal gravitons because C^ < and Fj^ > 0. Also we have the relation 
of Sbh ~ (-E°°)^/'^, which signals the presence of an unstable canonical ensemble. Consid- 
ering E^ = 9E°° — 8T^ ■ Sbh = 2i?°°[31], we have the exact relation between entropy and 
energy: S^h = -^^J2E°°E^. Comparing this with Eq.([9]) leads to the conclusion that 
the Schwarzschild black hole is unstable. This black hole can be rendered thermodynami- 
cally stable by confining it within a finite ideal isothermal cavity. We assume that a black 
hole is located at the center of the cavity. Here we fix the temperature T on its isother- 
mal boundary of radius R. In an equilibrium configuration, the Hawking temperature 
measured on the boundary must be equal to the boundary temperature T[ 



n~'oo 

r„(fi,r+)= , " =T. (46) 



1-fe)' 



This means that, according to the Tolman law, a local observer at rest will measure a 
local temperature T which scales as l/V~fi'oo for any self-gravitating system in thermal 



^The AdS regulator is /, whereas the d=10 black hole regulator is the radius R of the cavity. 
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Figure 10: The tempearture picture of the d=10 cool (off-shell) black hole growth in a cav- 
ity at the Hagedorn temperature at T > T^- Dashed line: the deficit angle 6bh{R,r+, 1). 
Solid line: hotter temperature of heat reservoir at T = T^ for Hagedorn transition. Dotted 
line: the Hawking temperature Th of the cold off-shell black hole. In this case we have a 
sequence of temperatures: r„ = 0.557 < vq = 40.33 < r^ = 49.99. If a matching occurs at 
^st > ^u, the stringy black hole always grows into a large, stable black hole at r+ = r^. 



equilibrium with heat reservoir. The cavity is the heat reservoir. At r+ = tq 
Th has the minimum temperature 



Tn 



3v^/9U 



(2/9)1/7/?, 



(47) 



4:7TR^2' 

which corresponds to the nucleation temperature of a stable black hole. This is depicted 
in Fig. 10. The equation (H6l) allows two real, nonzero solutions for a given T: a smaller 
unstable black hole (ubh) with radius r^ and a larger, stable black hole (sbh) with radius 
Tg. For T < To, no real value r_|_ can solve Eq. fH6l) and thus no black hole can exist in 
the cavity. The thermodynamic energy for the black hole embedded in a cavity takes 
the form of Ebh{R,r+) = E"^"-^(l — Jl — r\/ rA which differers from the ADM mass of 
E°° = M. Here E"^"-^ = VgR'^ /ttGiq is the maximum energy of this system when Tj^ = R 
(system-size black hole). In general, one has < ii^ < E'"^"'^ . The heat capacity is defined 
at the constant area A of the cavity boundary. It is given by C^h = (dEhh/dTfj) a[16\ 



a»(fl,r+) = c, 



m\ 



bh r 



(4J 



The bh-free energy of the system is given by F(^f^ = E^h — TnShh- Ebh = leads to 
r+ = ri = {32/8iy^'^R. Substituting it into Eq. fj46l) . the transition temperature can be 



obtained as 



Ti 



27vR 



9^i 
2' 



(49) 
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Figure 11: The process of black hole nucleation as the GPY phase transition. The the 
solid line represents the bh-free energy F^j^{R = 50, r+), while the dashed lines denote 
the generalized free energy F^l^ {R = 50, r+,T) in the units of G^. At r^ 



the maximum value and it is zero at r+ = ri = 
generalized free energy graphs for T = 0.01, To( 



^0, F°J^ has 
43.78. From the top down, we have the 
= 0.0156), 0.016, Ti(= 0.0163), 0.02, 0.025. 



Cfe/i has an unbounded discontinuity at r^ = tq = 40.33 for R = 50. Therefore, it seems 
that the assumed phase transition is first-order at T = Tq = 0.0156. However, this 
behavior of heat capacity in itself does not indicate a phase transition in the canonical 
ensemble. The heat capacity usually determines thermal stability of the system. Here 
we find the positive heat capacity for tq < r^ < R, indicating stability. On the other 
hand, the bh-free energy F^f^ has the maximum value at r_|_ = vq and it becomes zero at 
r+ = ri = 43.78. The latter provides Ti = 0.0163 which is the critical temperature for 
the GPY phase transition. 

To study the GPY and Hagedorn transitions explicitly, we need to introduce the 
generalized free energy [121 US] 



F,"if{R,r^,T)=E,f,-TSi 



bh- 



(50) 



The generalized free energy -F^"/ plays a role of an effective potential in the canonical 



ensemble. Here we define the action If,h 
(see Fig. 10) 



pF°" 



bh 



1 



. The d=10 deficit angle is defined by 
TH{R,r+ 



T 



(51) 



With T = To, an extremum appears at r+ = ro(= r„ = r^). It could be checked by noticing 
an inflection point in Fig. 11. For T > Tq, there are two extrema, the ubh with radius r„ 
and the sbh with r^. We note that for Tq < T < Ti, F^^^ has a saddle point at r = ru- 
This unstable solution is important as the mediator of phase transition from thermal 
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gravitons to a sbh. In the limit of -R — > oo, the sbh is lost and only the usb survives. F{^f^ 
is a set of saddle points of F^^K Now we examine how the tachyon condensation could 
be realized in this picture[8j. There exists a slight difference in including winding number 
between AdS and cavity regularization. The Euclidean topology of d=10 Schwarzschild 
black hole in cavity is R^ x S*^, which is not the cylindrical topology of S*^ x R^ . Hence 
the d=10 Schwarzschild black hole in cavity seems to be unable to include the Hagedorn 
tachyon condensation, because it does not have a non-contractible circle. Inside the 
horizon, cylinders with spherical cross sections shrink. Hence it seems that a topologically 
stable winding tachyon does not appear. Despite this, there may exist a superposition of 
winding string modes in great circles of S^ . S^ starts shrinking rapidly before its spatial 
curvature becomes large. The change in radius r with respect to proper time is given 
by f = —J{r^/ry — 1, which takes the form of —{r^/ry/'^ for r <^ r+. This means 
that the velocity r becomes very rapid for Is '^ r <^ r+, while S^ is still large. Starting 
from the radius r^ such that {f/rY\r=r^ = 1/^s, one finds a capping radius r^ = (r^/^)^''^- 
This implies that the Hagedorn density of strings is produced by the time the sphere has 
shrunk to r = Tc- The backreaction of this string gas may behave like a winding tachyon 
condensation [m |15]. When the size of horizon reaches the string scale (r+ ~ Z^)? it will 
pinch off at r^. = /<,, removing the region of large curvature sector from the small sector 
including the singularity. This is a process of tachyon condensation in d=10 Schwarzschild 
black hole. Considering the d=10 Schwarzschild black hole in a cavity, the large sector 
grows into a sbh (cavity-size black hole). 

We discuss the Hagedorn transition by introducing an approximate off-shell free energy 
to Eq.dSHD, 

which holds for r+ < R. In the case of r^ <^ R, this leads to the off-shell free energy F°° 
for the d=10 Schwarzschild back hole. In the case of r+ ~ R, the above free energy does 
not work for the Hagedorn transition because we have to include all higher-order terms 
of (r_|_//?)^", n>2. However, we find a similarity between Eg. (1151) and Eq. fl3^ . 

In order to estimate where the ubh and sbh are located, we use Fig. 12 and Fig. 
13. From F^^{R = 50,r+,l) = F^J^{R = 50, r+), we obtain the ubh with size r^ and 
sbh with size r^ ~ R. The latter is a nearly cavity-size black hole. As is shown in Fig. 
12, we observe the barrier of the ubh at r„, even though its maximum is very small as 
G'5F°°(0.557, 1) = 1.2 X 10~^^. Also we observe the sensitivity around r^ = l^ = 1 that 
G^F^^Ri = 0.318,1) = 8.9 x 10-l^ G^F^iOmQ,!) = -13.4 x 0-^\ G^F^il,!) = 
-2.7 X 10-1°, and G5F^{2,1) = -1.3 x 10"^. The distance Ar+ = 0.079 between the 
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f;// = SFZ.[{1 - s^) + -C-±y{l - j^)] , FS = ^ = A# (52) 
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Figure 12: Hagedorn transition with T 
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Figure 13: The free energy picture of the d=10 off-shell black hole growth in a cavity at 
T = Ts for r+ ^ 1. The solid line represents the on-shell free energy F^fJ^{R = 50, r+), 
while the dotted line denotes the off-shell free energy F^°/ (50,r+, 1) in the units of G^. 
The dashed line represents the off-shell /9-function Phh{50,r+, 1). At r_|_ = r^ = 49.99, we 
have the endpoint of Hagedorn tachyon condensation as a globally stable black hole state. 

maximum and zero is the same as the AdS black hole. Also we observe that the off-shell 
free energy is very sensitive around the string scale r+ = /g. 

We assume that the cavity is filled with thermal gravitons. Considering Stg ~ {TRY 
and REqpG ~ {TRy^, one finds the relation of Stg ~ (Etg)^^^^- We obtain the collapsing 
temperature T = T2 approximately by using the relation 



E' 



TG 



f'^R' 



E, 



bh 



R^G 



10 



(53) 



which shows that T2 ~ 1/{GiqR^Y'^^ . At T = T2 = 0.148, the gravitational collapse 
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of thermal graviton may occur. The collapsing temperature is given by T2 ~ lOTi and 
the Hagedorn temperature is given by T, ~ lOOTi. Hence we are not easy to avoid this 
collapsing from our consideration, in contrast with the thermal AdS collapse at T2 = 
2.195 > Ts because of T2 G {Ti,Ts). It seems that the classical gravitational collapse 
occurs by the relativistic Jeans instability before the Hagedorn transition at T = T,. 

Finally, we discuss the connection between the on-shell and off-shell quantities. Since 
the dual eft to the asymptotically flat d=10 black hole is not yet known, we cannot 
precisely define the Casimir energy E^f^ and thus Cbh- However, assuming E^f^ = 2E°°, we 
may define Cbh{R,r+) = E^f^jATiTi ~ Vs-Rr^/vrGio, which is a monotonically increasing 
function. Now let us derive the corresponding /5-function 

(3bh{r+, T) oc -^ ~ 6bh{r+, T). (54) 

Hence we have a monotonic connection between Cbh{R,r+) with y and E^^{R,r^) with 
\ shown in Fig. 13. Further we confirm the off-shell connection between F^jj(R,r+, 1) 
with \ and Pbh{R, r+,l) in the shape of \t. 

6 Summary 

We study quasilocal tachyon condensation by using the gravity/gauge duality. In order 
to cure the IR divergence due to tachyon, we introduce two regularization schemes: AdS 
space and Schwarzschild black hole in a cavity, which provide stable canonical ensem- 
bles and thus are good candidates for the endpoint of tachyon condensation. Introducing 
the Cardy-Verlinde formula, we establish the on-shell gravity /gauge duality. The Cardy- 
Verlinde formula states exactly the on-shell relationship between the entropy and energy 
instead of an approximate relation 5* ~ E'^^^ for the AdS black hole and its CFT. We 
summarize our key results in Table 1. For the tachyon condensation, the on-shell flow is 
not available. In string theory, the RG /5-function shows a collection of off-shell config- 
urations on the world sheet. Further, an effective tachyon potential is given by Eq. (!23l) . 
First, we note the on-shell correspondence: Cbh ^ Ccft -^ Cbh for the monotonic in- 
creasing C-function (/"); F^^^j — * ^cft ~* ^bh ^^^ ^^e monotonic decreasing free energy 
F""^ (\). Then the off-shell correspondence is as follows: -FgH ~^ ^cft ~^ ^bl ^^ ^^^ 
monotonic decreasing free energy F°f^ (\) ; [3bh —^ Pcft -^ Pbh for /3-function (\y). 
The connection between these can be found as well. The /3-function is the derivative of 
F°// with respect to r^{f) and measures the mass Mcs — i3/16tt of the conical singu- 
larity at the event horizon. The on-shell free energy F°" is obtained by substitution of 
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Table 1: Summary for the Hagedorn transitions at T = T^ in the study of tachyon 
condensation. Here is the notation: SP(saddle point), UBH(AdS unstable black hole), 
SBH(AdS stable black hole), UB(unstable bounce), SB(stable bounce), sbh(d=10 stable 
black hole), ubh(d=10 unstable black hole), and WST(world sheet topology). 





string theory 


AdS-BH 


CFT 


d=10 bh 


on-shell instability 


SP(hole) 


UBH 


UB 


ubh 


on-shell flow 


N/A 


CBulFSh 


ccft/F^c'^p^ 


Cbk/F,t 


off-shell matching 


tachyon 


BH 


bounce 


bh 


off-shell flow 


PKff 


^BulF^Ji 


f^cFr/F^prp 


PbH/F,"if 


off-shell feature 


WST change 


BH growth 


bounce growth 


bh growth 


on-shell stability 


SP(hole) 


SBH 


SB 


sbh 



T — > T^(Tcft,Th) into F"-^-^. Also this can be seen from the derivative of F"^^ with 
respect to r+{f). The C-function is proportional to the unstable part Fff^fj{F°^,F°J^f^). 

A few of comments are in order. The stringy geometry resulting from the off-shell 
tachyon dynamics matches onto the off-shell AdS black hole at the matching radius r_|_ = 
Tst G {Is, I}- In choosing this region, we avoid including the Jeans instability at r/^ = 0.318, 
but we take into account the Horowitz-Polchinski correspondence point for black holes 
and strings at thp ~ h and the tachyon instability due to the winding number at string 



scale r_| 
angle S{Xq) 

?off 



Ig. If the matching occurs at r_|_ = tq = l/V^, we find the maximal deficit 
271. The amount of free energy released at the moment of the matching 



is F^^i(50,r+ = ro,l) = -215881/^5 



-lOA^^. Furthermore, the matching point of 



Vst = h could be extended to r^t = 0{l) unless /?s — /? is fine-tuned to be very small[7]. 
For Tst = Is, the released free energy is given by F^j/(50,r+ = 1,1) = —35/6*5 — 10^, 
whereas for r^^ = /, the released free energy is F^j/(50, r+ = /, 1) = —610960/6*5 ^ 30iV^. 
Hence, we confirm that for r^j oc 0{l), the released free energy is of order A^^jSl [TU] . 

Concerning the weakly coupled case, it is known that the phase transition is similar 
to the strongly coupled case. Of course, the would-be black hole is different from the 
AdS black hole for the strongly coupled case[21]. Fortunately, the corresponding Cardy- 
Verlinde formula takes the same form as Eq. flHHl) replacing 27rp/3 and f = r+// by Anp/S 
and S-^ = 27T pT from the free A/" = 4 SYM theory[31]. This shows that "2" for A^/^ ^ oo 
(in the strong coupling limit), while "4" for A^^^ — *> (in the weak coupling limit). 

Further, the d=10 Schwarzschild black hole in a cavity is considered a model for 
the Hagedorn transition which gives a possible explanation of the tachyon condensation. 
However, it is not clear whether this is truly a model of the tachyon condensation because 
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of the lack of its dual eft. 

In eonelusion we explain the process of tachyon condensation by using the off-shell 
gravity/ gauge duality. 
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